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Introduction
The numerical integration of the Navier-Stokes equations by standard methods like FXM (Finite X Methods), X being D(ifference), E(lement), V(olume) or by spectral and spectral elements requires a careful design. This is especially true and essential when long time integration ranges are involved as is the case for direct numerical simulation (DNS) or large-eddy simulations (LES) of turbulent flows where the evaluation of time averaged quantities imply very long time series to obtain meaningful information and statistics. Therefore temporal stability and space accuracy are the basic requirements needed to render the algorithms efficient on large scale parallel machines and to extract relevant physical phenomena.
The practitioners of computational fluid dynamics have decomposed the analysis of the complexity and stiffness of the NavierStokes equations into simpler problems like the Stokes (linear) equations that embody the difficulties of the space discretization of the velocity and pressure fields and the advection-diffusion problem that is related to the transport character of the non-linear terms. This last class of problems includes the non-linear Burgers equations and the linear advection-diffusion (LAD) equation. In this paper, we will address the one-dimensional LAD equation with homogeneous Dirichlet boundary conditions as this is a meaningful test for established or novel discrete schemes. For high Reynolds number flows the advection is dominating diffusion but the presence of the boundaries imposing no-slip wall conditions complicates the solution of the problem. Boundary layers develop and in most cases influence deeply the flow dynamics. No-slip wall boundary conditions impede the general use of periodic Fourier representation and spectral calculation.
Even though the LAD equation is linear it is difficult to find closed form analytical solution in the literature. Most of the efforts have been devoted to the solution of LAD with an upstream boundary condition and a Robin or Neumann downstream condition. The presence of the gradient condition at the exit of the domain eases the development of the analytical solution. The paper by Pérez Guérrero et al. [10] uses a change of variable to obtain a heat equation which is then solved by a generalized integral transform technique proposed by Cotta [4] . In [13] , van Genuchten et al. are able to use a variable transformation that reduces the partial differential equation to an ordinary differential equation the solution of which is expressed by the complementary error function. Other methodologies are possible to tackle the LAD problem on finite or infinite domains. Without the pretension of being exhaustive, we can cite Bosen [3] , Kumar et al. [8] , Pérez Guérrero et al. [11] and Zoppou and Knight [14] .
On the numerical side, finite differences have been applied, see for example [5] . In the finite element framework, Gresho et al. [7] investigate a time integrator based on the combination of the trapezoid rule and the second-order Adams-Bashforth scheme with piecewise linear elements for space discretization. Some analytical solutions are presented in the various examples solved throughout the paper. However none of them treats the LAD problem with homogeneous Dirichlet conditions and a smooth initial condition like a sine function. In the book of Donea and Huerta [6] the LAD problem is proposed with a truncated Gaussian profile as the initial condition.
In this paper we will solve the LAD problem with homogeneous boundary conditions and a sine profile for the initial condition. This is exactly the same initial and boundary conditions that were imposed for the Burgers equation solved by Basdevant et al. [2] . We will be able to compare the physics associated with both problems. The paper is organized as follows. Section 2 describes the LAD problem which is solved in closed form by the introduction of a change of variables. Section 3 details the analytical solution when the viscosity goes to zero. In this case the problem at hand is a simple wave equation perturbed by the presence of a very weak viscous term. Section 4 presents the Fourier solution when periodic conditions are applied. Section 5 is devoted to some considerations related to energy conservation. Section 6 treats the numerical method obtained by linear finite elements and a time integration using a Crank-Nicolson scheme for the viscous term and a second order Adams-Bashforth scheme for the advection term. Section 7 reports the results produced by both approaches and compares them. Finally the last section draws conclusions.
Linear advection-diffusion equation
The unsteady linear advection-diffusion equation is given by the following relation
where u is the velocity variable, c > 0 the constant advection velocity, m the kinematic viscosity and time t. We will impose homogeneous Dirichlet boundary conditions uðÀ1; tÞ ¼ uð1; tÞ ¼ 0 and the initial condition uðx; 0Þ ¼ À sin px. These initial and boundary conditions were already used for the Burgers equation in [2] . This choice will allow us to compare the two cases.
To obtain a closed form solution, let us make the change of variables uðx; tÞ ¼ vðx; tÞe
Introducing (2) in (1) and simplifying by the exponential, one obtains @v @t
As a and b are free parameters, we choose them in such a way that 
Applying the initial condition (7) to Eq. (9) yields
Using the orthogonality property of Fourier polynomials, the coefficients A 2p and B 2pþ1 are obtained solving the relations
sinðpxÞ sinðppxÞe
With the help of standard trigonometric relations, the right hand side integral of (11) may be rewritten as
Furthermore one has also the identity (cf. [1] )
Therefore one gets
A similar development gives
With (2) and the relations (9), (15) 
When the viscosity goes to zero, the solution becomes uðx; tÞ ¼ 8p 
We observe that the presence of the exponential term in (18) renders the problem stiffer and the closed form solution blows up for vanishing viscosity. This ill-behavior requires a special treatment.
Analytical solution for vanishing viscosity
We will decompose the problem solution in two parts 
Insertion of (19) in (1) yields
The first two terms vanish as they satisfy the wave equation.
Neglecting the second order term in m 2 , we are left with
For this first-order equation, it is easy to verify that the initial and boundary conditions for U are Uðx; 0Þ ¼0; À1 < x < 1 ð24Þ UðÀ1; tÞ ¼0; t P 0:
We can also verify that on the right boundary, the solution must reach the following value Uð1; tÞ ¼ 1 m sinðpctÞ for ct < 2 0 for ct P 2: 
To solve
with (24) and (25), we set Uðx; tÞ ¼ p 2 ct sinðpðx À ctÞÞ þ Vðx; tÞ;
where the first term in the right hand side is a particular solution. This procedure gives the equation
with the conditions Vðx; 0Þ ¼ 0;
VðÀ1; tÞ ¼ Àp 2 ct sinðpctÞ:
The V solution is
Vðx; tÞ ¼ Àp
In this case, the final expression for Uðx; tÞ is Uðx; tÞ ¼ p 2 ðx þ 1Þ sinðpðx À ctÞÞ: ð35Þ
Consequently the LAD solution for very small viscosity becomes uðx; tÞ ¼
Fourier solution
Let us assume that instead of Dirichlet conditions, the problem is subject to periodic conditions. Then the Fourier solution is readily obtained
If the viscosity goes to zero, the periodic solution becomes
a relation that has some similarities with Eq. (36).
The energy equation
Here we look at the conservation law for the kinetic energy of the problem. Multiplying Eq. (1) through by u and integrating over the domain, one gets
where integration by parts was used to evaluate the last term. Carrying through the integration, the energy equation reduces to d dt
As is well known the energy decay is governed by the diffusion. It is also possible to compute the time needed to reach a zero velocity at each point of the domain. For this purpose, we integrate (1)
leading to the relation d dt
where U denotes the average velocity. Consequently we obtain
We deduce the value T f which corresponds to Uðt ¼ T f Þ ¼ 0.
Finite element method
The finite element (FE) method is based on the weak formulation of the problem (1). Choosing v as the test function, we write 
The number of grid points is therefore N ¼ E þ 1. In the framework of the Galerkin method, the test functions are chosen the same as the approximation polynomials. The discrete problem becomes
Introducing (46) in (47), we generate a linear system of algebraic equations of order N À 2 as the end points are given boundary values
It is a simple exercise to compute the various matrices involved in the discrete equations. The stiffness matrix ½K is symmetric and positive definite
The mass matrix ½M is given as
while the weak derivative ½D corresponds to
The discrete equation for node i is
The resulting set of ordinary differential equations reads
where u is the vector collecting all problem unknowns. Using an implicit Crank-Nicolson time scheme for the viscous part and a second-order Adams-Bashforth explicit integration for the advection term, the full discrete equations read
with the time step Dt submitted to a CFL condition for stability considerations of the explicit part.
Results
We will set up c ¼ 1 for the sake of simplicity. This choice has no consequences on the generality of the discussion. The Reynolds number is defined as
with the choice L ¼ 2. Dt ¼ 1=100. Fig. 4 illustrates the comparison of the analytical and FE solutions. We conclude that the boundary layer at x ¼ 1 behaves like a sharp exponential layer. Let us now inspect the solution (36) for weak viscosity. tion for t ¼ 0:8 and 1:6 and Re ¼ 4000 builds up an extremely sharp variation near the right boundary. In Table 4 we report the slope of the u profile at x ¼ 1 for the times t ¼ 0:8; 1:0 and 1:6.
Let us inspect the accuracy achieved by the FE solution for the slope @u @x ð1; tÞ. We will examine two intermediate values of Re given in Mesh adaptivity is required at lower values of the viscosity to resolve the exponential layer. In the one-dimensional case, this may be achieved by domain decomposition and local refinement close to the wall. For higher dimensions, the reader is referred for example to the paper by Sun et al. [12] .
Another way to cope with this difficulty consists in using highorder methods like spectral elements or hp methods.
Conclusions
The analytical solution of the linear advection-diffusion equation is obtained for Dirichlet boundary conditions and a smooth sine initial function. The closed form solution involves the Reynolds number as the governing parameter in exponential terms. The presence of these terms renders the problem stiff and ill-conditioned for small viscosity values. The comparison of analytical and FE solutions are presented for various values of the viscosity when the advection velocity is maintained constant. For moderate viscosity values m < 1=100p both solutions are easily computed.
When viscosity goes to zero, another analytical approach is designed based on a perturbed wave equation. The solution is very close to the Fourier solution which would be obtained for periodic conditions.
For weak values of the viscosity, a downstream boundary layer builds up close to the boundary. This layer has an exponential characterization. Therefore the FE mesh needs local refinement to resolve for example the numerical evaluation of the slope next to the wall.
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